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Approximate reasoning from sampled data
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Abstract. The subject of this paper is a mathematical framework
that provides a basis and a tool for reasoning about uncertainty based
on linguistic information.

1. Introduction

The semantics of certain classes of words and language expressions can
be modeled by fuzzy sets which have proven to be a very useful tool in cap-
turing information that is not certain and precise but rather uncertain or
imprecise. The research was initiated by L. A. Zadeh in his early papers
and since then, most of the applications of fuzzy sets have emphasized the
presence of natural language, at least in a hidden form [2]. Fuzzy natural
logic is a mathematical framework that focuses on the formalization of hu-
man reasoning processes expressed through natural language. It combines
methods from fuzzy set theory and logic in order to describe and analyze rea-
soning with vague and imprecise information. This framework is organized
into three main components: (i) theory of evaluative linguistic expressions,
(ii) theory of fuzzy/linguistic IF–THEN rules and logical inference based
on them and (iii) theory of fuzzy generalized quantifiers [see (11,13,15)].

The formulation and processing of fuzzy rules are performed within a
fuzzy inference engine, which represents the central component of a fuzzy
inference system. The main task of the inference engine is to evaluate the
activated rules, combine the available fuzzy information, and derive appro-
priate conclusions from the given input data [13,15]. To achieve this, it
relies on fundamental concepts of theory of fuzzy sets and systems, includ-
ing fuzzy intersection, fuzzy union, and fuzzy implication operators. The
inference engine extends the capabilities of fuzzy systems by providing a
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mechanism for approximative reasoning under uncertainty and transforming
available information into meaningful conclusions [see (10,11,12)]. Through
the evaluation and combination of fuzzy rules, it is able to capture complex
dependencies between input and output variables and to incorporate differ-
ent sources of knowledge within a unified framework [1,3,9]. This ability
to process both quantitative data and qualitative descriptions makes fuzzy
inference engines suitable for applications where conventional mathematical
models cannot adequately represent the complexity of real-world processes.
The effectiveness and behavior of a fuzzy inference engine depend strongly
on the characteristics of the considered problem, including the choice of lin-
guistic variables, membership functions, rule base, and fuzzy operators [7].
Therefore, the choice of inference mechanisms and parameters depends on
the specific application [for more, see (4,5,6,8)].

2. Perception-based logical deduction

Data collection represents any activity related to the direct collection of
information from examples in practice, statistical research, or downloading
data from administrative sources, as well as data collection by the method
of constant monitoring and observation. In the scope, by the term data
collection, we mean a set of vectors {(Xp

0 , y
p
0) | p ∈ 1, . . . , N}, where input

Xp
0 ∈ U = [α1, β1]× ..× [αn, βn], for some n-dimensional cube U , and output

yp0 ∈ V = [αy, βy] ⊂ R. In this way, the input-output data collection is given
by Table 1.

Table 1. Input-output data collection.

Input C1 C2 · · · Ci · · · Cn Output

X1
0 x101 x102 · · · x10i · · · x10n y10

X2
0 x201 x202 · · · x20i · · · x20n y20
...

...
...

. . .
...

. . .
...

...

Xp
0 xp01 xp02 · · · xp0i · · · xp0n yp0
...

...
...

. . .
...

. . .
...

...

XN
0 xN01 xN02 · · · xN0i · · · xN0n yN0

We restrict our attention to multi-input-single-output case because any
multi-output system can be decomposed into a set of single-output systems,
each modeled independently using the same inputs.

Using methodology described in [8], each attribute Ci, i ∈ {1, 2, . . . , n} is
assigned with a collection of quadruples (aji , b

j
i , c

j
i , d

j
i ), where aji , b

j
i , c

j
i , d

j
i ∈

[αi, βi], j ∈ {1, 2, . . . , Ni}. It is well known that in a natural way, these
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Figure 1. Multi-output-single-input system.

values induce the corresponding trapezoidal fuzzy sets

Aj
i : [αi, βi] → [0, 1], j = 1, 2, . . . , Ni,

as follows:

Aj
i (x) =



0, αi ≤ x ≤ aji or dji ≤ x ≤ βi,
x−aji
bji−aji

, aji ≤ x ≤ bji ,

1, bji ≤ x ≤ cji ,
x−dji
cji−dji

, cji ≤ x ≤ dji .

Let us note that it is for each i = 1, 2, . . . , n, the set of fuzzy functions
Aj

i , j = 1, 2, . . . , Ni, is complete in [αi, βi], i.e., for every xi ∈ [αi, βi], there
exists Aj

i such that Aj
i (xi) ̸= 0.

In a similar way, output column (y10, y
2
0, . . . , y

N
0 )T is assigned with quadru-

ple (ai, bi, ci, di) and trapezoidal fuzzy functions

Bj : [αy, βy] → [0, 1], j = 1, 2, . . . , Ny,

defined by:

Bj(x) =


0, αy ≤ x ≤ aj or dj ≤ x ≤ βy;

x−aj

bj−aj
, aj ≤ x ≤ bj ;

1, bj ≤ x ≤ cj ;
x−dj

cj−dj
, cj ≤ x ≤ dj .

Again, the assumption is that they are complete in [αy, βy].
Notice that the obtained fuzzy sets are trapezoidal, and in a natural way,

they can be transformed into triangular fuzzy sets or singletons.
Now, we will define rules generated by input-output presented in Table 1.

Namely, for every input-output (Xp
0 , y

p
0), p = 1, 2, . . . , N , and corresponding

inputs and output we will determine the membership values

Aj
i (x

p
0i), j = 1, 2, . . . , Ni,



134 Approximate reasoning from sampled data

and the membership values

Bl(yp0), l = 1, 2, . . . , Ny.

Then for every input variable xp0i, i = 1, 2, . . . , n, we will determine the
fuzzy set in which xp0i has the largest membership value, that is, we will
determine Ãj

i such that

Ãj
i (x

p
0i) ≥ Aj

i (x
p
0i), j = 1, 2, . . . , Ni.

Similarly, we will determine B̃l such that

B̃l(yp0) ≥ Bl(yp0), 1 = 1, 2, . . . , Ny.

From this we derive the fuzzy if –then rule

(1) Rp : If x1 is Ãj
1 and · · · and xn is Ãj

n then y is B̃l.

The part of if –then rule which follows if is called antecedent and the part
which follows then is called consequent. If we observe from the surface level,
the if –then rule is a conditional sentence of natural language. On the level of
formal syntax, any rule, and consecutively the whole linguistic description, is
assigned a certain formula of a chosen formal system. On the semantic level,
that formula is assigned to a special set of functions over fuzzy relations, i.e.
it is properly interpreted [10].

Since the number of input-output pairs is usually large, and for every
pair one rule is generated, it is highly likely that there are conflicting rules,
i.e., there are rules with the same if part and the different then part. In
order to overcome this conflict, the degree is assigned to each rule previously
generated. Only one rule from a conflicting group that has the maximum
degree is chosen. That procedure resolves the conflict problem, but also
reduces the number of rules.

In situations where one input parameter carries more information than
another, weights are assigned directly to individual conditions within the
rules. So, if the input-output pairs have different reliability, then we can
assign a weight wp

j ∈ [0, 1], and the degree of the rule generated by a pair
(Xp

0 , y
p
0) can be defined by:

(2) D(Rp)(X
p
0 , y

p
0) =

n∏
i=1

wi ∗ Ãj
i (x

p
0i) ∗ B̃

l(yp0).

Weighting coefficients are numerical values assigned to a set of conditions
to express their relative importance, priority, or impact compared to others
in the same group.

In most analytical systems, weights ρi, i = 1, 2, . . . , n are normalized so
that their total sum equals 1:

(3)
n∑

i=1

ρi = 1.
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Let us form a matrix of ratio degrees between the weighted coefficients:

(4) M = [mik]
n
i,k=1 =

[
ρi
ρk

]n
i,k=1

By multiplying the elements in each row, we obtain the products π1, π2, . . . , πn,
from which the average ratio degree can be calculated as follows:

(5) wi = n
√
πi, i = 1, 2, . . . , n.

Theorem 1. Coefficients (5) are normalized weighted coefficients for mul-
tiplicative models.

Proof. Let ρi, i = 1, 2, . . . , n satisfy condition (3). Then for each i =
1, 2, . . . , n, we have

wi = n
√
πi = n

√√√√ n∏
k=1

(
ρi
ρk

)
= n

√
ρni∏n
k=1 ρk

=
ρi

n
√∏n

k=1 ρk
,

and consequently
n∏

k=1

wn = 1. □

Finally, the fuzzy rule base consists of all rules that do not conflict with
any other rules, and from each conflicting group we take the rule that has the
maximum degree (where we assume that a group of conflicting rules consists
of rules with the same if parts). On the basis of general knowledge and
familiarity with the concrete situation, linguistic rules from human experts
are often added to this set of rules.

3. Algorithm

Following the methodology introduced in Section 2, the fuzzy system is
developed using the algorithm described below.

1. Experts opinion
Experts’ opinions on each attribute of the observed process are

collected and analyzed in order to define the corresponding fuzzy
functions within the proposed model. These expert assessments rep-
resent the basis for transforming qualitative knowledge and subjec-
tive judgments into mathematical representations suitable for fuzzy
reasoning. By using the experts’ evaluations, appropriate member-
ship functions are constructed for each attribute/criterion, allowing
the model to incorporate uncertainty, imprecision, and the inherent
subjectivity present in the observed process.
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2. Fuzzy rules generated based on the available data
The fuzzy rules are generated based on the available input-output

data, which represent the relationship between the system inputs
and the corresponding outputs. These rules capture the underlying
dependencies within the observed process and provide the basis for
the inference mechanism of the fuzzy model.

3. Calculation of the degrees of fulfillment of fuzzy rules
The activation degree of each fuzzy rule is calculated based on the

membership degrees of the input variables. These values represent
the extent to which each rule is satisfied for a given set of input data
and are subsequently used in the fuzzy inference process.

4. Fuzzy rule base
The fuzzy rule base represents the core component of the proposed

fuzzy inference system and contains a set of fuzzy rules that describe
the relationships between input variables and the corresponding out-
put variable. The rule base is constructed by combining automati-
cally generated rules from input-output data with expert knowledge
expressed in the form of linguistic rules.

The fuzzy rule base consists of the following groups of rules:
- Non-conflicting rules generated in Step 2. These rules are directly

included in the fuzzy rule base because each input combination is
associated with a unique output conclusion. Since no contradiction
exists among these rules, they can be applied without additional
processing.

- Selected rules from conflicting rule groups. Namely, during the
rule generation process, several rules with identical IF parts but
different THEN conclusions may be obtained. Such rules form a
conflicting group because the same input conditions lead to different
outputs. To resolve these conflicts, the rule with the highest degree
of fulfillment is selected and included in the final fuzzy rule base.
The degree of fulfillment represents the strength or reliability of a
rule and indicates how well the available input-output data support
that particular rule. Linguistic rules provided by human experts.

- The fuzzy rule base is additionally enriched with linguistic rules
obtained from experts’ knowledge and experience. These rules rep-
resent explicit knowledge about the observed process that may not
be fully captured by available numerical data. The inclusion of ex-
pert rules improves the interpretability of the fuzzy model and en-
ables the representation of qualitative relationships, uncertainties,
and process-specific characteristics.

5. Construction of the Fuzzy System
In this step of the algorithm, the fuzzy system is constructed using

the fuzzy rule base established in Step 4. The obtained rule base
represents the knowledge structure of the system and defines the
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relationships between input variables and the corresponding output
responses.

4. Example

In [8] model is presented using Mamdani’s minimum implication and indi-
vidual rule base inference is combined through union. Here we will present
the method based on algebraic product for the t-norm. Such method is
convenient for practical applications in multiplicative models.

Let us observe some sampled input-output data presented in Table 2,
where input data is described with three attributes A1, A2, A3 with different
degrees of importance on outcome. This is represented by weights

ρ1 = 0.5, ρ2 = 0.3, ρ3 = 0.2.

Using Theorem 1 these weights are modified for multiplicative method,
so we obtain

w1 = 1.61, w2 = 0.97, w3 = 0.64.

Using algorithm from Section 3, fuzzy rule base is constructed and all
rules are presented in Table 3.

Table 2. Input-output data collection

Input A1 A2 A3 Output

X1
0 2 3 2 2

X2
0 3 2 1 1

X3
0 9 7 6 5

X4
0 5 4 1 1

X5
0 8 6 5 5

X6
0 2 6 1 4

X7
0 4 2 2 1

X8
0 3 7 5 3

X9
0 1 4 3 2

X10
0 9 7 6 1

X11
0 1 4 3 3

X12
0 8 6 5 4
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Table 3. Rules

R1 IF x1 in A1
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R2 IF x1 in A1
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R3 IF x1 in A3
1 and x2 in A1

2 and x3 in A1
3 then y in B1

R4 IF x1 in A2
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R5 IF x1 in A3
1 and x2 in A1

2 and x3 in A1
3 then y in B1

R6 IF x1 in A1
1 and x2 in A1

2 and x3 in A2
3 then y in B2

R7 IF x1 in A2
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R8 IF x1 in A1
1 and x2 in A1

2 and x3 in A1
3 then y in B2

R9 IF x1 in A1
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R10 IF x1 in A3
1 and x2 in A1

2 and x3 in A1
3 then y in B2

R11 IF x1 in A1
1 and x2 in A2

2 and x3 in A2
3 then y in B2

R12 IF x1 in A3
1 and x2 in A1

2 and x3 in A1
3 then y in B2

As it can be seen, Table 3 contains conflicting group of rules, so in each
subgroup of conflicting rules we take the rule with highest degree.

Table 4. Reduced rules

R′
1 IF x1 in A1

1 and x2 in A2
2 and x3 in A2

3 then y in B2

R′
2 IF x1 in A3

1 and x2 in A1
2 and x3 in A1

3 then y in B1

R′
3 IF x1 in A2

1 and x2 in A2
2 and x3 in A2

3 then y in B2

R′
4 IF x1 in A1

1 and x2 in A1
2 and x3 in A2

3 then y in B2

R′
5 IF x1 in A3

1 and x2 in A1
2 and x3 in A1

3 then y in B2

Fuzzy inference engine combines the fuzzy IF-THEN rules in the fuzzy
rule base into a mapping from a fuzzy set A′ ∈ U into a fuzzy set B′ ∈ V .
In that sense all rules in fuzzy rule base are combined in a single fuzzy set.
Namely, the N IF-THEN rules are interpreted as fuzzy relation QG in U×V
defined as:

QG =

N⋃
p=1

Rp.
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We will use Gödel combination to obtain output of the fuzzy inference en-
gine:

B′(y) = sup
X∈U

A′(X) ∗ QG(X, y),

where the t-norm ∗ is algebraic product.

5. Conclusion

This paper presents a fuzzy inference engine based on a parameterized
algebraic product, together with the corresponding parameterized inference
mechanism. Following the methodology introduced in Section 2, a system-
atic algorithm for implementing the proposed inference engine is developed.
The proposed multiplicative model is demonstrated through a hypothetical
example, illustrating its applicability and providing a foundation for further
investigation and practical implementation in fuzzy reasoning systems.
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